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QUESTION 1. Let (D, +) be a group, F\, F; be subsets of D where Fy ¢ F; and F> € Fy. Then L = Fy U F; is a subset
of D, Assume that (F), +) and (3, *) are groups. Prove that (L, +) is never a group.

QUESTION 2. We know that if n,m € N*, then there are unique ¢, € N such that m = n-g+r,0 < r < n. Now let
(D, +) be a group and a € D such that |a| = k.

() Assume k < oo and suppose that a™ = e for some m € N*. Prove that k | m (i.e., k is a factor of m, i.e., k divides
m)

(i) (converse of (i)). Assume k < oo, Let m be a positive integer such that k | m. Prove that a™ = e.

(iii) Assume k < co. Prove |a| = [a~!| =k N
(iv) If |a| = oo, then prove that [a~!| = oo

(v) Assume |a| = oo, Prove that the elements of the set {a® = e, a,a?, ...,a", .....} are distinct. Hence | D| = oc.

(vi) ((iv) might be helpful). Let F be a finite subset of D (i.e., |F| < oc). Suppose that (F, +) is closed (i.e,a b € F
for every a,b € F). Prove that (F, «) is a group

(vii) Assume that b* = e for every b € D. Prove that (D, +) is abelian.

QUESTION 3. Let D = {6, 12, 18,24}. Define * on D such that for every a,b € D we have a % b = a - b, where - means
multiplication module 30. Construct the Caley’s table of (D, ). By staring at the table you should conclude that (D, -)
is an abelian group (Since (Z3, -) is associate, we conclude that (D, -) is associate).

(i) Whatis e € D?
(ii) Let a = 12 What is |a|?.
(iii) Let k = |12], find a?, a®, a*. What can you conclude about {a, a2, a3, a*}?
(iv) Let k = |24], find a?, a? a* . Is this different from (iii)?

QUESTION 4. (i) Let (D, ) be a group and fix a,b € D. Convince me that the equation a + = b has a u
solution in D). What is the solution? coais =
(i) Let (Dy,o0) be the symmetric group on n — gon. We know that |D| = 2n (ote that
and assume 1 < k < n). o

a. Whatis a~!? Is e~ a rotation or a reflection?
helpful). Let b € Dy, where b is a reflection.
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You prove it from Scratch: Use (a" 1*binF)
Let a, binF. Weshowa™-1}*binF. Since a, binF, we have a™m=b"m =e.

Since D is abelian, (a™-1}*b)"m = (@™-1})"m * b m = (a’m){-1}*bm = (e){-1} *e=e*e =e.
Thus a™-1}*b is in F.
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Text Box
You prove it  from Scratch:  Use  (a^-1 * b in F)
Let    a, b in F. We show a^{-1}* b in F.  Since a, b in F, we have   a^m = b^m = e.
Since  D is abelian, (a^{-1}*b)^m = (a^{-1})^m * b^m = (a^m)^{-1}*b^m = (e)^{-1} * e = e * e = e.
Thus   a^{-1} * b    is   in   F. 
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Text Box
Good. So  you did not prove it from scratch. You used the result that a finite subset of a group is a subgroup iff it  is closed.
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Text Box
the binary operation on z_5  is not the same binary operation on Q^*  !!  
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Callout
Note that D_4 is the symmetric group on 4-gon (it has  8 elements
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Ayman Badawi

QUESTION 1. Let (D, «) be a group (12 need not be abelian). Assume a| = 27 for some a € D. Prove that D has a
subgroup with 9 elements.(Max 3 lines proof])

QUESTION 2, Let (D, +) be an abelian group with 35 elements. Prove that there is an element a € D such that
D = {a,d?, ...,a®}(Max 5 lines proof])

QUESTION 3. Let (D, x) be a group with n < oo elements. Prove that ™ = ¢ forevery a € D (Max 3 lines proof])

QUESTION 4.Llet D= (Z]:, a\) X (U(S): )
a) Find |(4,2}| (note 1 € (Zy5,+) and |1| = 12)
b)Convince me that D has a subgroup with 24 elements.

QUESTION . Let (D, +) be a group such that |D| = giq2 where ¢i, ¢z are primes. Assume that for some ¢, b€ D,
where a # e and b # ¢, we have 02 = a5, b16 = 19, and @ b = b= a. Find |D]. I claim that D = {, &%, ..., c%% = ¢
for some ¢ € D. Prove my claim.( Max 6 lines)

QUESTION 6. Given H = {0.5, 10} is a subgroup of (Zys, +). Find all distinct left cosets of  in D.

QUESTION 7. (Radicals). Let (D, ) be a group such that [D| = n < oo. Letm be a positive integer such that
ged(n,m) = 1. Leta € D. Prove that there exists an element b € D such that b™ = a (i.e, Yua € D, wher'c
v/a = b € D means b™ = a)(three lines proof. You may need the fact from number theory or discrete math that says if
ged(m,n) = k, then there are two integers w, x in Z such that k = wm + rn)

Faculty information

Ayman Badawi, Department of Mathematics & Stalistics, American University of Sharjah, P.O. Box 26666, Sharjah, Uniled Arab Emirates.
E-mail: abadawi®aus.edu, www.ayman-badawi.com
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